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Abstract 
We describe a gradient-index axicon based on twisting of crystals. We demonstrate that the focal 
length of the axicon can be efficiently operated by the torsion moment. The working analytical 
relations describing the focal length of the axicon and its dependence on different geometrical 
parameters as well as the torsion moment has been derived. 
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Introduction 
An axicon lens that transforms Gaussian beams into non-diffractive Bessel beams [1, 2] has been 
suggested by J. H. McLeod in 1954 [3, 4]. In fact, one cannot produce ideal Bessel beams with 
axicons since a uniform plane wave is not realizable. However, using the collimated incident 
Gaussian beams, one can generate so-called Bessel–Gaussian beams, which manifest greatly re-
duced diffraction. Such beams are efficiently used for optical trapping, high-precision drilling of 
holes, in optical coherence tomography, etc. [5–8]. Moreover, high-order Bessel beams carrying 
a nonzero orbital angular momentum can be applied for transmitting, coding and decoding in-
formation [9].  
The axicons are often fabricated in the shape of a conical lens formed by a plane and coni-
cal surfaces. Recently gradient-index axicons have been suggested [10, 11]. Instead of a conical 
shape, they are based on a specific spatial distribution of refractive index created inside a parallel 
plate, using various technologies. It is obvious that fabrication of axicons with the conical shape 
and long enough focal length is quite difficult because the angle at cone apex should be close to 
p , while the cone vertex should be produced with high accuracy in order to avoid the appear-
ance of distortions of the phase front. On the contrary, the gradient-index axicons with flat paral-
lel surfaces and a desired radial dependence of the refractive index can be produced, using well-
known techniques such as ionic exchange or chemical vapor deposition.  
Notice that both of the conical axicon and the gradient-index axicon represent passive opti-
cal elements, which do not permit operating by their characteristics. Nonetheless, recently an ad-
justable axicon mirror has been proposed in order to produce the Bessel beams [12], of which 
characteristics are operated while deforming a silicon wafer in its center. Such an optical element 
is cheap enough and can be useful in cold-atom manipulation. However, the device can work 
only as a reflecting axicon. Furthermore, a tunable acoustic gradient-index lens has been sug-
gested for generating the Bessel beams [13]. This axicon lens operates basing on acoustooptic 
diffraction of the incident Gaussian beam on the acoustic waves generated by a circular piezo-
electric transducer. The device reveals high operation speed and is operated by changing acous-
tic-wave frequency. Variations in the driving frequency and the amplitude of the acoustic wave 
propagating in the lens filled by a liquid are equivalent to changing the axicon cone angle. How-
ever, the frequency band of the piezoelectric transducer is usually limited by the thickness of the 
latter and so cannot be made wide enough. Notice that the main principles used for designing the 
flat gradient-index axicons are (i) creation of a desired radial dependence of the refractive index 
and (ii) elaboration of physical principles for operating the slope of this dependence. In principle, 
the both conditions can be satisfied issuing from the generally known parametric optical effects, 
i.e. electrooptics or piezooptics induced by inhomogeneous external fields.  
The present work is devoted to the studies of possibilities for operating the main character-
istics of the flat gradient-index axicons. In particular, we will study an adjustable flat parallel 
axicon lens formed by torsion of crystals.  
 
The principles of operation of a gradient-index torsion axicon 
It is known [14] that, under torsion of a cylindrical rod around its geometrical axis, there appears 
a shear stress which may be presented by the relation 
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Here Z axis coincides with the torsion axis, X and Y are orthogonal to Z, ( )Z
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torque, nmd  the Kronecker delta, R the cylinder radius, S the square of the cylinder basis, and P 
the mechanical load. As a result, we have the two shear components of the stress tensor, 4s  and 
5s . The piezooptic effect is described by changes in the optical impermeability coefficients iBD  
(or the refractive indices n, since 2(1/ )i iB n= ) imposed by the action of mechanical stresses ms  
(see, e.g., [15]): 
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where imp  is a fourth-rank piezooptic tensor, and iB  and 
0
iB  the impermeability tensors of 
stressed and free samples, respectively. As shown in our works [16–18], application of torsion 
stresses leads to specific spatial distributions of the refractive indices, optical birefringence, and 
optical indicatrix rotation. In particular, this occurs in the crystals belonging to the cubic or 
trigonal systems [19, 20]. An appropriate example is LiNbO3 crystals under conditions that a la-
ser beam propagates along the optic axis and the torsion is applied around the same direction 
[21]. 
What is the most important, a special singular point of zero birefringence belonging to the 
torsion axis has been revealed in the geometrical center of XY cross section of a sample, which 
corresponds to zero shear stress components 5s  and 4s . The birefringence has been found to 
increase linearly with increasing distance from that geometrical center and so the birefringence 
distribution has a conical shape in the coordinates , ,X Y nD  [21]. The spatial distribution of the 
optical indicatrix rotation angles Zz  in the crystals belonging to the point symmetry group 3m 
(the case of lithium niobate) is defined by the relation / 2Zz j= , where j  is the polar angle 
( cosX r j=  and sinY r j= ). In fact, we have found experimentally [21] that an optical vortex 
appears in the optical system consisting of a right-handed circular polarizer, a LiNbO3 crystal 
twisted around the Z axis, and a left-handed circular polarizer. The change in the phase of outgo-
ing light coincides with the tracing angle, and the vortex induced by the torsion in our case has a 
topological charge equal to unity. It is obvious that the sign of the vortex charge would depend 
on the ‘sign’ of the incident circularly polarized wave. However, in our case the original cause is 
inhomogeneous spatial distribution of the birefringence.  
While analyzing the properties of a lens of torsion type, one should be interested in the 
radial dependence of the refractive indices in, e.g., the crystals of the point symmetry group 3m 
mentioned above. The dependences of the refractive indices on the X and Y coordinates are given 
by the relations [17] 
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It is seen that the refractive indices 1n  and 2n  depend linearly on the polar coordinate r  and the 
torque ZM . The torsion-induced birefringence forms a conical surface in the X and Y coordi-
nates, with the singular zero-value point at the origin of the coordinate system: 
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Using our earlier data for the piezooptic coefficient 13 214 (8.87 0.28) 10 m /Np
-= ± ´  of LiNbO3 
[22] and the data for the refractive index ( 2.28647on =  for 632.8nml =  [23]), one can calcu-
late the coordinate dependences of the refractive indices for these crystals under different torques 
(see Fig. 1).  
  
(a) 
 
(b) 
Fig. 1. Calculated XY coordinate dependences of the refractive indices for LiNbO3 crystals under 
different torsion moments applied: 0.04; 0.07; 0.1 N×mZM =  (a); cross section of the refractive 
indices surface at 0.1N×mZM =  by the Y=0 plane (b) ( 632.8nml = ). 
 
As follows from Fig. 1, the refractive indices acquire the change of 51.5 10-´:  under the torque 
of 0.1 N×m: . Moreover, the sign of the refractive index changes depends on that of the torsion 
moment. From the equation for the cross section of the optical indicatrix, 
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it follows that the optical indicatrix rotates by 180 deg around the geometrical center of the XY 
cross section when the angle j  is changed by 360 deg (Fig. 2). In other words, the angle of the 
optical indicatrix rotation is given by 
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Notice that the condition mX ^  holds true for our coordinate system, i.e. the X axis is perpen-
dicular to one of the mirror symmetry planes. 
  
(a)      (b) 
Fig. 2. Distributions of the optical indicatix rotation in LiNbO3 crystals for the two opposite tor-
sion moments, as follows from Eqs. (3), (4) and (7). Orientations of cross sections of the optical 
indicatrix are introduced by ellipses. 
 
It follows from the analyses presented above that the crystals subjected to torsion can act 
as lenses. However, polarization of the incident light beam should be linear and spatially distrib-
uted around the beam axis, being rotated by the angle Zz . Moreover, the directions of the elec-
tric field oscillations for the incident optical wave should coincide with the eigenvectors of the 
optical impermeability tensor (see Fig. 3). A twisted crystalline rod will act as a converging or 
diverging lens in the tow alternative cases of mutually orthogonal directions of the incident light 
polarization. In addition, the sign of the lens can be changed from positive to negative by chang-
ing the torque sign. 
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Fig. 3. Spatial distributions of directions of the electric field oscillations for the incident optical 
wave presented for the case of converging (a) and diverging (b) lenses, with respect to the cross 
sections of the optical indicatrix shown in Fig. 2,a. 
 
It is known [24, 25] that ordinary gradient-index lenses are usually characterized by a 
polynomial or even-power radial dependence of the refractive index, in order to focus a point 
light source into a point. At the same time, axicons should transform a point source into a focal 
line. It is a presence of odd-power terms in the dependence ( )n r  or even a linear term that turns, 
e.g., a biconvex lens into an axicon or pseudoaxicon [24–26]. In our further calculations we will 
follow the approach presented in the work [24]. When the gradient of the refractive index is 
small, one can consider a twisted crystalline rod as a thin lens. Then the transverse beam dis-
placement during its propagation inside the rod can be considered as infinitely small and so can 
be neglected. A scheme of the wave front change under propagation of a collimated light beam 
through a twisted crystalline rod is presented in Fig. 4.  
 
 
Fig. 4. A scheme of light wave front changes occurring when a collimated beam propagates 
through a twisted crystalline rod. 
 
It is easy to show that the focal length in our case is given by the relation 
1
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where r  is the radial position of an incident ray at the front surface, 1r  the maximum height of 
the ray, and fD  is equal to the focal length at 1r r= . Because the geometric angle q  of the ray 
is equal to the slope of the wave-front normal, the wave front is described by  
tan
( )
dz
d f
r
q
r r
= - » -  (at ( ) ( )z fr r= ),    (9) 
where ( )z r  is the wave front displacement. Combining Eq. (9) with Eq. (8), we get  
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Accounting for a small size of the gradient, one can express the optical path as 
( ) ( )on d n d zr r= + ,     (11) 
while the dependence of the refractive index on the coordinate is determined by the formula  
( ) ( ) /on n z dr r= - ,     (12) 
with d  being the thickness of the crystalline rod. Taking Eqs. (10) and (12) into consideration, 
we write the coordinate dependence of the refractive index in the following form: 
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Let us notice that Eqs. (3) and (4), on the one side, and Eq. (13), on the other are of the same 
structure. Then the focal length is determined by the relation 
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Calculating the focal distance for the case of LiNbO3 crystalline rod with the geometrical 
parameters 3 mmR = , 1 2 mmr = , 13mmd =  and 0.1N×mZM = , one obtains fD  equal to 
36.9 m. Dependences of the focal length on the torque for different radiuses of the incident beam 
are presented in Fig. 5. 
 
(a)      (b) 
Fig. 5. Dependences of focal length on the torsion moment for a LiNbO3 crystalline rod: (a) the 
geometrical parameters are 3 mmR =  and 13mmd = , and the radiuses of the incident beam are 
equal to 1 1mmr =  (semi-full circles) and 1 2 mmr =  (full circles); (b) the same for the cases of 
3 mmR = , 13mmd =  and 1 2 mmr =  (semi-full circles) and 1mmR = , 13mmd =  and 
1 1mmr =  (stars). All the calculations are performed for the light wavelength 632.8nml = . 
Since the focal length is inversely proportional to the torsion moment, it decreases with in-
creasing torque. Notice that the focal length can be changed in a wide enough range by varying 
the geometrical parameters. For instance, doubling the beam radius would result in the same 
change of the focal length (see Fig. 5,a). At the same time, reducing the rod radius by three 
times, with simultaneously decreasing the beam radius by two times (then the radiuses of the rod 
and the beam being equal), would provide a notable decrease in the fD  parameter as (see 
Fig. 5,b). 
 
Conclusions 
In the present work we suggest a gradient-index axicon based on torsion of crystals. In particular, 
we derive the working analytical relations describing the focal length of the axicon and its de-
pendence on different geometrical parameters as well as the torsion moment. It is shown that the 
focal length of the axicon can be operated by the torque in a wide enough range. Functionality of 
the axicon fabricated from LiNbO3 crystals is demonstrated using calculations of the focal length 
as a function of the torque magnitude. Large focal lengths easily achievable with our technique, 
which can exceed a hundred of meters, can be used in such branches as telecommunications or 
transmitting optical beams in through interstellar medium.  
In fact, generation of the first-order Bessel beam bearing a singly charged optical vortex 
has been demonstrated in our recent work [21] for a twisted LiNbO3 crystal placed in between 
the crossed circular polarizers. Experimental verifications of the generation of zero-order Bessel 
beam using our axicon can be associated with some potential difficulties, namely a need in for-
mation of specifically polarized incident beams (see Fig. 3). Nonetheless, such a hollow beam 
can be created, e.g., while using a conical refraction effect in optically biaxial crystals [27–29] or 
a liquid crystalline matrix with an embedded topological defect of the strength ½ [30]. Experi-
mental studies of the torsion-operated gradient-index axicon will be a topic of our forthcoming 
paper. 
 References 
1. J. Durnin, “Exact solutions for nondiffracting beams. I. The scalar theory,” J. Opt. Soc. Am. 
A 4, 651–654 (1987). 
2. J. Durnin, J. J. Miceli, Jr., and J. H. Eberly, “Diffraction-free beams,” Phys. Rev. Lett. 58, 
1499–1501 (1987). 
3. J. H. McLeod, “The axicon: A new type of optical element,” J. Opt. Soc. Am., 44, 592–592 
(1954). 
4. J. H. McLeod, “Axicons and their uses,” J. Opt. Soc. Am. 50, 166–169 (1960). 
5. I. Manek, Yu. B Ovchinnikov, and R. Grimm, “Generation of a hollow laser beam for atom 
trapping using an axicon,” Opt. Comm. 147, 67–70 (1998). 
6. D. Zeng, W. P. Latham, and A. Kar, “Characteristic analysis of a refractive axicon system for 
optical trepanning,” Opt. Eng. 45, 094302–1 (2006). 
7. D. Zeng, W. P. Latham, and A. Kar, “Shaping of annular laser intensity profiles and their 
thermal effects for optical trepanning,” Opt. Eng. 45, 14301–1 (2006). 
8. Zhihua Ding, Hongwu Ren, Yonghua Zhao, J. Stuart Nelson, and Zhongping Chen “High-
resolution optical coherence tomography over a large depth range with an axicon lens,” Opt. 
Lett. 27, 243–245 (2002). 
9. A. Dudley, M. Lavery, M. Padgett, and A. Forbes, “Unraveling Bessel beams,” Opt. & Pho-
ton. News, June, 22–29 (2013). 
10. E. W. Marchand, “Axicon gradient lenses,” Appl. Opt. 29, 4001–4002 (1990). 
11. D. J. Fischer, C. J. Harkrider, and D. T. Moore, “Design and manufacture of a gradient-index 
axicon,” Appl. Opt. 39, 2687–2694 (2000). 
12. R. De Saint-Denis, E. Cagniot, P. Leprince, M. Fromarger, and K. Ait-Ameur, “Low cost 
adjustable axicon,” Optoel. Adv. Mater. 2, 693–696 (2008).  
13. T. Tsai, E. McLeod, and C. B. Arnold, “Generating Bessel beams with a tunable acoustic 
gradient index of refraction lens,” Proc. SPIE 6326 Optical trapping and optical microma-
nipulations III 63261F (2006). 
14. Yu. I. Sirotin and M. P. Shaskolskaya, Fundamentals of Crystal Physics (Nauka, 1979). 
15. T. S. Narasimhamurty, Photoelastic and Electrooptic Properties of Crystals (Plenum Press, 
1981).  
16. R. Vlokh, M. Kostyrko, and I. Skab, “Principle and application of crystallo-optical effects 
induced by inhomogeneous deformation,” Japan J. Appl. Phys. 37, 5418–5420 (1998). 
17. I. Skab, Yu. Vasylkiv, V. Savaryn, and R. Vlokh, “Relations for optical indicatrix parameters 
in the conditions of crystal torsion,” Ukr. J. Phys. Opt. 11, 193–240 (2010). 
18. I. Skab, I. Smaga, V. Savaryn, Yu. Vasylkiv, and R. Vlokh, “Torsion method for measuring 
piezooptic coefficients,” Cryst. Res. Techn. 46, 23–36 (2011).  
19. I. Skab, Yu. Vasylkiv, B. Zapeka, V. Savaryn, and R. Vlokh, “Appearance of singularities of 
optical fields under torsion of crystals containing threefold symmetry axes,” J. Opt. Soc. Am. 
A. 28, 1331–1340 (2011).  
20. I. Skab, “Optical anisotropy induced by torsion stresses in the crystals belonging to point 
symmetry groups 3 and 3 ,” Ukr. J. Phys. Opt. 13, 158–164 (2012).  
21. I. Skab, Yu. Vasylkiv, V. Savaryn, and R. Vlokh, “Optical anisotropy induced by torsion 
stresses in LiNbO3 crystals: appearance of an optical vortex,” J. Opt. Soc. Am. A. 28, 633–
640 (2011). 
22. Yu. Vasylkiv, V. Savaryn, I. Smaga, I. Skab, and R. Vlokh, “On determination of sign of the 
piezo-optic coefficients using torsion method,” Appl. Opt. 50, 2512–2518 (2011). 
23. M. P. Shaskolskaya, Acoustic Crystals (Nauka, 1982). 
24. D. J. Fischer, C. J. Harkrider, and D. T. Moore, “Design and manufacture of a gradient-index 
axicon,” Appl. Opt. 39, 2687–2694 (2000). 
25. R. M. Gonzalez, J. Linares, and C. Gomez-Reino, “Gradient-index axicon lenses: a quasi-
geometrical study,” Appl. Opt. 33, 3420–3426 (1994).  
26. E. W. Marchand, “Axicon gradient lenses,” Appl. Opt. 29, 4001–4002 (1990). 
27. M. V. Berry, M. R. Jeffrey, and M. Mansuripur, “Orbital and spin angular momentum in 
conical diffraction,” J. Opt. A: Pure Appl. Opt., 7, 685–690 (2005). 
28. R. Vlokh, A. Volyar, O. Mys, and O. Krupych, “Appearance of optical vortex at conical re-
fraction. Examples of NaNO2 and YFeO3 crystals,” Ukr. J. Phys. Opt. 4, 90–93 (2003). 
29. M. V. Berry, “Conical diffraction asymptotics: fine structure of Poggendorff rings and axial 
spike,” J. Opt. A: Pure Appl. Opt. 6, 289–300 (2004). 
30. S. Slussarenko, B. Piccirillo, V. Chigrinov, L. Marrucci, and E. Santamato, “Liquid-crystal 
spatial-mode converters for the orbital angular momentum of light,” J. Opt. 15, 025406 
(2013). 
 
